In this paper, the implicit midpoint method is presented for solving Riesz tempered fractional diffusion equation with a nonlinear source term, where the tempered fractional partial derivatives are evaluated by the modified second-order Lubich tempered difference operator. Stability and convergence analyses of the numerical method are given. The numerical experiments demonstrate that the proposed method is effective.
Introduction
In this paper, we consider Riesz tempered fractional diffusion equation with a nonlinear source term Moreover, if λ = 0, then the Riesz tempered fractional derivative will reduce to the usual Riesz fractional derivative (see e.g. [3] [4] [5] [6] [7] [8] ).
In recent years, differential equations with tempered fractional derivatives have widely been used for modeling many special phenomena, such as geophysics [9] [10] [11] and finance [12, 13] and so on. It has attracted many authors' attention in constructing the numerical algorithm for tempered fractional partial differential equation (see e.g., [1, 2, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ). Li and Deng proposed the tempered weighted and shifted Grünwald-Letnikov formula with second-order accuracy for Riemann-Liouville tempered fractional derivative in [24] , and its approximation is applied in the numerical simulation of the tempered fractional Black-Scholes equation for European double barrier option by Zhang et al. [14] . Based on this approximation, Qu and Liang [15] constructed a Crank-Nicolson scheme for a class of variable-coefficient tempered fractional diffusion equation, and disscussed the stability and convergence. Yu et al. [16] proposed a third-order difference scheme for one side Riemann-Liouville tempered fractional diffusion equation and given the stability and convergence analysis. Yu et al. [19] constructed a fourth-order quasi-compact difference operator for Riemann-Liouville tempered fractional derivative and tested its effectiveness by numerical experiment. Zhang et al. [1] presented a modified second-order Lubich tempered difference operator for approximating the Riemann-Liouville tempered fractional derivative and verified its effectiveness by theoretical analysis and numerical results. The aim of this paper is to try to use the implicit midpoint method and the modified secondorder Lubich tempered difference operator to construct a new numerical scheme, and to give a theoretical analysis of the numerical method.
The outline of this paper is arranged as follows. In Sect. 2, numerical scheme is proposed for solving Riesz tempered fractional diffusion equation with a nonlinear source term. Section 3 is devoted into the stability and convergence analysis. In Sect. 4, we use the proposed method (abbr. T-ML 2 ) and the method (abbr. T-WSGL) in literature [24] to solve the test problems. Finally, we draw the conclusion in Sect. 5. To discretize the Riemann-Liouville tempered fractional derivatives, we would introduce the modified second-order Lubich tempered difference operators δ α x-and δ α x+ at the point (x i , t n ), which are defined as
Numerical method
where g
then we have the following lemma.
where u(x, t n ) is a zero-extension of u(x, t n ) with respect to x on R which is defined as
where v( ) is represented as the Fourier transformation of v(x) defined by
According to (1.5)-(1.7), we have
Using the implicit midpoint method to solve (1.1) at the point (x i , t n ), we find
Applying (2.1) to discretize the Riesz tempered fractional derivative, we get
where there exists a constant c 1 such that
Omitting the error term R
, we obtain the following numerical scheme for solving
).
Furthermore, the matrix form of (2.6) can be written as
where
here A is a Toeplitz matrix, which can be written as A = B + B T , where the matrix B is defined as 
where the weights g
the weights w
The values of γ 1 , γ 2 and γ 3 can be selected in the following three sets:
(
}.
Stability and convergence analysis
In order to analyze the stability and convergence of the numerical method, we would introduce some notations and lemmas. Let
for any u n , v n ∈ γ h , we define the following discrete inner product and corresponding norm: 
Theorem 3.1 For any given positive number
μ ∈ (0, 1), if 0 < τ ≤ τ 0 = 1-μ L ,
then the numerical scheme (2.6)-(2.8) is stable, i.e. there exists a constant c 2 , such that
Proof According to (2.6), we obtain the following equation: 
Noticing that
Employing Lemma 3.1, we find
Substituting (3.3) and (3.4) into (3.2), we obtain
Since g satisfies Lipschitz condition with respect to u, we have
It follows from (3.5) that
We can obtain the recursion from (3.6),
For any given μ ∈ (0, 1), and 0 < τ
, then we obtain from (3.7)
It follows from (3.8) and the discrete Gronwall inequality that
where c 2 = e 2TL μ . The proof is completed.
Theorem 3.2 For any given positive number
, then the numerical scheme (2.6)- (2.8) is convergent, i.e. there exists a constant c 3 , such that
Proof Subtracting (2.6) from (2.4), we get the error equation
). Similarly, we can conclude from the deduction of Theorem 3.1 that
According to (1.4) and Cauchy-Schwarz inequality, we obtain from (3.10)
It follows from (3.11) that
We can obtain the recursion from (3.12),
For any given positive number μ
, then we can conclude from (3.13) that
(3.14)
In view of the discrete Gronwall inequality, we have
It follows from (2.5) and the definition of the discrete norm that
Substituting (3.17) into (3.15), we get
where c 3 =
. The proof is completed.
Numerical experiments
Denote ε(h, τ ) = hτ
as L 2 norm of the error at the point (x i , t n ), where u(x i , t n ) and u n i are the exact solution and numerical solution with the step sizes h and τ at the grid point (x i , t n ), respectively. The observation order is defined as
Example 1 Consider the initial-boundary value problem in the following Riesz tempered fractional diffusion equation:
where 1 < α < 2, the nonlinear source term is
The exact solution of Example 1 is
From Table 1 , we can observe the second-order accuracy in both spatial and temporal directions with different α and λ, which is in line with our convergence analysis. The numerical solutions of Example 1 are shown in Fig. 1 , we can find from Fig. 2 that the global perturbation errors depend on the initial perturbation errors, which proved the correctness of our stability analysis.
Example 2 Consider the initial-boundary value problem in the following Riesz tempered fractional diffusion equation: The exact solution of Example 2 is u(x, t) = t 2+α e -λx x 4 (1 -x) 4 .
